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Abstract. The echo effect in self-excited oscillator arrays and in a Josephson junction array
has been theoretically investigated. The required parameters of the Josephson array and the
limiting time duve to the influence of thermal noise have been estimated.

1. Introduction

It is well known that an echo effect can be found in different physical systems. This effect
manifests itself through a delayed response of the system influenced by two external puises.
For instance, for a spin system two pulses of external radiation at a frequency close to the
resonance one give rise to a pulse of spontaneous spin radiation. Since 1950 when this
effect was discovered in a spin system by Hahn [1], a great variety of echo effects have
become known—ifor example, the echo in plasma {2], the cyclotron echo {3] and the photon
echo [4]. Recently this effect has been discovered in quantum systems [3]. It is inherent
in such physical systems where an observable macroscopic response arises from a sum of
many independent contributions from different ‘particles’ {molecules, oscillators, spins, etc)
and where damping of the macroscopic response, also referred to as collisioniess damping,
oceurs through phase scattering [7, 6], but not through true thermodynamic damping. Since
individual ‘particles’ store the information about their initial phases, by affecting this system
via some external action, it is possible to return the system to a state close to the initial
one, when the macroscopic response existed, and to have an echo response.

In this paper we would like to focus on another set of systems which can be classified
as the systems with phase memory—and, therefore, as will be shown, could demonstrate
an echo effect. The systems which we intend to discuss are arrays of Josephson junctions
which have been widely investigated theoretically [8] and experimentally [9, 10, 11]. From
the general dynamics point of view a Josephson junction array is a set of self-excited
oscillators and, therefore, the echo effect may be found in sets of self-excited oscillators of
any physical origin. In the absence of thermal noise self-excited oscillators have an infinite
phase memory time and, therefore, the echo effect can probably be observed easily.

This paper is devoted to the investigation of the echo effect in Josephson junction arrays
and in arrays of self-excited oscillators.

We intend to demonstrate that an echo effect can occur in any system consisting of
noninteracting self-excited oscillators, if changes in the phases of these oscillators under the
action of an external pulse depend on the oscillator phases. In order to demonstrate this,
the echo effect has been considered in general terms in section 2 for the simplest system of
noninteraciing self-excited oscillators without noise. In section 3 using the results obtained
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we investigate the echo effect in a Josephson array in a resistive state. The problem
of Josephsen junction dynamics is too complicated to solve analytically, if we take into
account thermal noise and mutual interaction between the junctions; but for the realistic
parameters discussed in section 3 we can neglect the mutual interaction. The influence of
a weak thermal noise during the external pulse can be also neglected because this pulse
is supposed to be short. The influence of the noise at other times leads only to a loss of
phase memory, so the echo effect can be observed only at finite times. To avoid technical
difficulties we first consider the pure dynamical problem and demonstrate the echo effect
in the Josephson junction array without noise. In the next section we estimate the influence
of a thermal noise and find out the times for which the echo effect can be observed. In the
last section we briefly surnmarize the main results obtained in the paper.

2. General considerations

To demonstrate the existence of an echo effect in Josephson arrays and arrays of self-excited
oscillators we assume that we have a set of independent self-excited oscillators making
quasiharmonic oscillations at close frequencies. To describe the collective dynarics of these
oscillators let us introduce a distribution function of oscillators of frequency « and phase
¥, flr, w,t). This distribution function is normalized to satisfy the following relation:

f Fw,¥) dw dy = 1. )

SO v =T
Sometimes it is useful to define a new variable A, the deviation of frequency A =w — &,
where @ is the average frequency of the array:

é:ﬁ:.[_:wf(w,w) dy do (2)

and the array will be characterized by the distribution function f(A,¥,t). Using this
function we can find any averaged physical quantity—for example, we can find the array
radiation intensity P(r), which will demonstrate the echo behaviour:

o0 w 2
P() = N? f FlA, w, 0e¥ dy da| . (3)

Here N is the number of oscillators in the array. The current phase ¥ in the absence of any
external influence is determined by the relation ¥ = i + At which is the characteristic
equation for the following kinetic equatlon, which the distribution function f{A, ) in the
absence of noise obeys:

af af

— +A—=0

at + ay @)
The solution of this equation has. the form

FAaP,1) = fo(A, ¢ — A} 3)

where fy = f{t = 0) represents the initial condition for equation (4). Using these refations
we could rewrite the expression (3) for radiated power of the array of free (unaffected by
external radiation and not mutually interacting) self-excited oscillators as

oo n 2
pey =0 [~ [ (o voeon ayy an (©)

o0 v =
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Figure 1. The dynamics of the relative phase difference is shown. At the time ¢ = f; all
oscillators are in phase. After that, until + = rp, phase scattering takes place. During the time
range 2 <t < t; a second pulse affects the system; £; = # + 7 where 12 js duration of the
second pulse. At the time # = 22 + 72 — ¢; the system has its coherence restored.

Now we consider qualitatively the problem of an echo arising in an array of independent
self-excited oscillators. To demonstrate the reversibility in this system we suppose that
oscillators in the array are free all the time except for in two short intervals (#; — 7;, #;) and
(¢2, t2+12), during which two pulses of external radiation with durations 7, w2, respectively,
affect the array. Schematically this situation is shown in figure 1. In this figure the first pulse
makes all the oscillators in phase. After that phase scattering takes place and the macroscopic
response reduces until the time ¢ = #; is reduced. The second pulse changes the relative
phases W of the oscillators so that for (n — 1) < ¥{just before the pulse) < (n + I)w we
have

W (straight after the pulse) = 2nw — W(just before the pulse)

where r is an integer. Due to this phase correction, at the time #3 = 26 + 12 — # all
oscillators will be in phase again, which gives rise to an echo pulse. The general case is
considered analytically below.

Suppose that at the initial moment the system is in a state with the following distribution
function:

1
FlA. o) =S f(4) (7

where f(A) is the frequency distribution function of oscillators. We can take this, for
example, in the form

AZ
-—.

2A5
For this kind of distribution the macroscopic response is zero due to a uniform distribution
of phase. It is easy to see that this distribution will remain unchanged up to 1, since it

f(a)= Xp

1
@) 20, ©
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satisfies the kinetic equation (4). The effect of external pulse action on each oscillator in
the array can be described in terms of the mapping

tr(just before the pulse) = y(straight after the pulse)

which, in each particular case, should be defined from the dynamical equations describing
the behaviour of the self-excited oscillator under external influence. In this section we will
assume this mapping to be a known function and denote it as ¥ () + 71} = P, (¥ (1)) for
the first pulse and ¥ ( + ) = $2{y¥r(t2)) for the second one. Note that these functions
are periodic with a period 2w. Now, using the functions introduced, we can write the
dependence of the current phase on time for each oscillator in the form

Yo + At for t <1
Y(t) =1 e(¥{n)) + a0k —1n) forty <t <ty
Do (P{12)) + At — 1) fort > t;.

Here, assuming the duration of pulses to be small enough that the conditions Ao € 7
are satisfied for every oscillator, we consider the times f; 2 and #; 2 -+ 712 to be equal.
Since the phase distribution function of oscillators (7) does not depend on time until
the time #1, and hence we have f(A, o) = F(A, ¥), where 3y = ¥ (£), we can assume
that #; = 0, or, in other words, average over v instead of y. Thus, in order to obtain the

intensity of radiation after the second pulse, we should calculate the integral that follows
from (6): .

2
o= (22)

where we have introduced a new variable T = 1o — #y and changed the time origin via
t =t —1tz. Since ®, is a periodic function of its argument (and so is @), we can expand
el (& W+AT) intg 3 Fourier series:

o pr ) 2
f f(A)el(¢z(¢'|(1l’:)+AT)+Ar) dyry dA (8)

=0 W =T

[+ =]
el (i (h}+aT) Z Cleﬂ(q’l(‘.b'l)'f'ﬁ'r)‘ . (9)
]
Using this expansion we can represent the array radiation intensity as

N 2 oo T 61 (4 2
N 1 )
P_(h) Z:qf ®1th) gy,

I==c0 -

-} . 2
f f(A)el((f—l)T-l-t)A dA (10)
—eo

which shows that the response of an array of self-excited oscillators to two pulses is a series
of pulses of similar shape, occurring at times ¢ =~ (1 — )T, for [ € —1. The pulses have
magnitudes
- 2
a=qfémmw
-
and their shape is determined by the second integral in (10}.
In the next section, using the results obtained above we consider a particular case of
the echo effect in a Josephson junction array affected by external microwave radiation.

3. The echo effect in a Josephson array

In this section we apply the general theory developed above to investigation of an echo
effect in Josephson junction arrays. Here we do not take into account the noise in the
system, and we solve a purely dynamical problem.
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Because all the distinctive features of this case lie in the functions @ introduced in the
previcus section, which describe the mapping of the phase 4 before the external pulse into
the phase ¥ straight after the puise, ¥ = ®(¥), all we need to do is to determine the
particular form of this mapping function.

Figure 2. The Josephson junction (1-N) series array driven by DC and AC voltage sources
through the load R.

Now let us consider a simple example of a one-dimensional Josephson array—a set of
series-connected junctions with an external load (see figure 2)—and suppose for simplicity
that all junctions have equal critical current I. and capacitance C but different normal
resistances r;. Within the framework of the resistive shunted junction (RSI) model such an
array can be described by equations which in dimensionless variables have the following
form:

N
BGi + i+ sing; = Ip+s(t) — Y _ ¢ 1)
j=1

where ¢; is the Josephson phase difference of the ith junction, Iy = E/RI, and
5(t) = U/RI, are the dimensionless bias direct current and the external pulse current,
respectively, parameters y; = 7 /r; represent normal resistance of the ith junction, and 7 is
the averaged resistance defined by relation 7~! = (1/r), so # = 1. The coefficient & = F/R
determines the strength of the interaction between junctions through the common load, R is
the resistance of the load, 8 = 27 721.C/®g is the McCumber parameter (&g = h/2e is the
quantum of magnetic flux), and the time current and voltage are normalized to an average
‘gap’ frequency 2, = 2771,/ dy, with critical currents I and F I, respectively.

When the current in an array, Jy, exceeds the critical current of the junctions, all junctions
in the array get into a resistive staie and oscillate with & frequency @, = o; (I = I/ . In
this scheme the power dissipated in the load resistor or the power of radiation, if the Ioad
is 2 matched antenna, is equal to

1 72 & :
P=sIIR~ = ¢l (12)

i=]

l\)

where [.. is the amplitude of the alternating current through the array, and ¢.. is the
amplitude of the alternating voltage on an individual junction.
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Let us introduce the array parameters at fixed fp—the average frequency & and
dissipation constant ¥, and spread of frequency Ag:

N

N N
F=Y w/N =Y w/N  Af=) (e —a)N. a3
i=] i=l

i:!

To demonstrate the possibility of an echo effect occurring in Josephson arrays and to obtain
an analytical solution of the problem, we assume that the following conditions are satisfied:

aN -
—— KAy Agféo € 1 > 1.
VB +1)

This assumption allows us to neglect the mutual interaction between junctions in the array
and apply a perturbation method. It should be noted here that, if the first of conditions (14}
is satisfied, then corrections of oscillator phases are much smaller than unity at all times
and, hence, we can completely neglect the mutual interaction between the junctions.

Now, following the prescriptions of the general theory, we introduce the phase and
frequency distribution function f(A, ¥) of junctions in the array, where A = w — @ is
the frequency deviation from the averaged value &, and ¥ is the slow phase of oscillation
introduced by the relation

@ =@t + ¥ +Imbe. (15}
Here ¢ is the Josephson phase difference of the individual junction which obeys equation
(11), and b is the complex amplitude of the phase oscillations. Now, in order to obtain
explicit relations for the echo response, assume that external pulses have the form

s(t) =TIma(t) e® = A(2)sin(@t + x (1)) (16)

where a = Ae'* is the complex amplitude of external radiation, which is assumed smooth
enough on the scale of w™' that [4| « w|a|. If, besides, the spread of frequency in the
array is rather small, Ap <« @, the phase v obeys the following reduced equation [12]:

BY + y¥ + Q) sin(¥ + x1 + x) = yA. (17

Here we denote J1(B) (J; is the first-order Bessel function) as $2(z), where b = Be'Xt js
the complex amplitude of an alternating phase defined above (15) which is expressed as

(14)

a
b= ——————.
—B@? +iyd
We will need the explicit forms for B and x;:
B A e e —pé —iy

@ /)32@2 + },2 /}325)2 + .},2 (18)
Note that the coefficient y relates to the oscillation frequency via A = I(1/y — 1). We
recall that in our units ¥ = 1. If the external pulse duration is large enough, then, as can be
seen from (17), synchronization of Josephson junctions by external radiation can take place.
This leads to formation of Shapiro steps in the current—voltage characteristic of the junction
[13]. But a short pulse only changes the phase of the junction and this phase correction can
cause the echo effect.

After the pulse, when £2(¢) = 0, equation (17} takes the form

By +yv¥ =yA (19)

whose solution quickly—in a time of order 8 (the distance between pulges f is assumed to
be much larger than 8)—tends to the solution of the reduced equation 4 = A which is the
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characteristic equation for the free kinetic equation (4} introduced in section 2. Therefore,
in order to get the mapping produced by the external pulse we ought to take into account
not only the dynamics within the pulse, described by (17), but also the relaxation process
straight after the pulse, described by (19).

Equation (17} is too complicated to solve analytically, so to obtain the mapping function
a computer simulation and qualitative investigation is required. It can be solved easily in two
limiting cases. The first one is the case of rather strong and long external pulses such that
Q2> yAg and v7! & (¥/2)(1 — /1 — 482Q2%/y2), which make all junctions synchronous
with the external radiation. The second limiting case is the case of weak external influence,
where we can determine a pulse-induced change of phase using the perturbation theory.

Now consider the first case of synchionizing the pulse and obtaining the mapping. If
2% 3> y Ag, we can expand the ‘sines’ in equation (17) into a power series and, by taking
into account only the linear term, derive the linear equation

B +yi + QX+ xi+x)=vaA (20}

which is easy to solve. It should be remembered that we are solving the equation for an
individual junction. Its solution is

X1+ x+ ¥ —vA/Q =Im{cie? + et} ¥ = Im{crpre? + copne?™) (21)

where 12 = —(y/2}(1 £ /1 —482Q%/y2). Since just before the pulse ¥ = 4, relations
(21) will determine 4, ¥ straight after the pulse, if we put £ = 7 in them. In other words,
these relations represent the mapping in the parametric form. Besides this, we need to
determine & phase change after the pulse within the relaxation time 7., ~ B/y. The phase
dynamics during this time obeys the equation

B+ vy =ya

from which we get

Yt +T+1)= At+mfl:—A(I — e~y L () + 7). (22}
If (¥/8)t > 1, we obtain
1,b‘(r1+r+t)=Ar+w;A @3)

which shows that the dynamics during the relaxation time results only in the addition of the
term (¥ — A)/y to the mapping determined by the dynamics through the pulse duration.
Thus. equations (21) and (3} yield jointly the full mapping

Y -+ 1) = Q¢ (1))
needed for the calculations. If the pulse is long enough, such that min{y; 2} > 1, all phases
become synchronous, which corresponds to the following mapping:
¥ (after pulse) = —(x1(A) + x). (24)
The other limiting case allowing us to derive a simple expression for the mapping
function is the case of a weak and short pulse, such that
Q%7

QL& yA and 5, < (25)
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If these conditions are satisfied, we can integrate equation (17) over the unperturbed
trajectory ¥ = Af, which yields

. Q?

Yt +7) = A —stin(ga(zwxl +x) W@+ =¥+ Ar (26)

Further, using expression (3) for a phase change during the relaxation time, we find finally
the expression for the mapping produced by the weak pulse:

92
Y+ T+ Tret) = (0) + AT + Tp) — Tt sin(w () +x1+x). Q27)

The second term simply reflects the phase accumulating due to the unperturbed dynamics,
and the last one is the perturbation contributed by the external pulse.

Now, since we know the explicit form of the mapping, we can calculate the echo
response using the expression derived in section 2. Suppose that our system is affected by
two pulses. Assume further that the first one makes all junctions synchronous; then from
(24} we obtain the distribution function in the phase:

d
£ = f FUAGD)] a% 500 = x = x1) dxs 28)

where f(A) is the frequency distribution function of the junctions. If @ 3 Ag then this
function can be expressed in the explicit form
= 82
_ exp{m W= 7)
G2 2A2 (33, /00)
Here we have taken the frequency distribution function in the form (7) and used a linear
approximation for the dependency of the synchronization phase on the oscillator frequency,
x1(A), equation {I18): x1 = ¥ + (dx1/90A)A. In the high-frequency limit the derivative
dx1/9A is defined by the following expression:
dx1 1 B’
A I B2a2 + y2
Note that if the synchronization phase x; does not depend on A, for example in the
case where y < @ when x, = 0, the phase distribution function transforms into

F@) =48 —x).

Everywhere above we considered the spread of the damping parameter ¥ to be
appropriately small: ¥ — % <« ¥, and using this assumption changed the averaged functions
to functions of averaged variables,

Thus, according to relation (5), after the first synchronizing pulse, the frequency and
phase distribution function has the following form:

where fo is given by (29) and we shifted the time origin to the end of the first pulse.
Averaging e'¥ with respect to the distribution function (29) yields the time dependency of
radiation power after the first pulse:

fol¥) =

] @x1/8A)7". (29)

oo 2 oo 2
P =N* f dy dA fo(A, ¥ — A = N? f dyr dA fo(A, Yo)ePva!

) .
= N?exp (—2A2 [(%) + :{I) . (31)
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The first term in the exponent reflects a power decrease caused by the initial phase mismatch
due to the dependency of the synchronization phase on the individual junction parameters;
the second one is related to ‘phase scattering® due to the spread in frequency of the self-
excited oscillators.

Now suppose that at the time ¢ = T our system is affected by the second pulse, which is
rather short and weak, such that the conditions (25) are satisfied and the mapping function
has the form (27). Using the general representation of radiated power (8) we obtain the
following expression:

co 2
P@) =N f f FolA, o)l @ HATIRA GA gyl (32)

Further, expanding &/®) into a Fourier series:

et —=Dsin(¥+x+i1) _ it i Jy(Dye Wtixtn)
=00
(here the J; are the Bessel functions, and we denote the parameter of the mapping by
D = Q%y/7} and taking the integral we obtain the final expression for the echo response
to the second pulse:

[»+]
2

=00

R 2
P(r) = N?

2
X

/ dA dyp exp (v + AT + )] — il (Yo + AT+ A3y /3A))

>
I==]
—2A%@x /30) (1 — 1)), (33)

Here, for calculations, we used the explicit form (29} for the distribution function and shifted
‘the time origin to the end of the second pulse. We can see that a response of the Josephson
array to the second pulse is essentially a sequence of echo pulses, taking place at the times
t=39y,/8A+T({—1), their shapes being determined by the frequency distribution function
of the junction. The value

i Ji(D)

=00

2

= N? exp (—2A3[T(1 =1+t — By /oAF

2z

N2 e—-zag{a a1 /AY(1-D)?

is the amplitude of Ith echo pulse. A qualitative picture demonstrating the sequence of echo
pulses is given in figure 3. ‘

Now, using the formulas obtained above we can make some estimates of the amplitude
and duration of echo pulses and discuss the possibility of experimental observation of the
echo. For a typical 1D Josephson junction array [11] consisting of ¥ & 500 junctions with
r~ 04 @ and I; & 3 mA, connected to a matched ioad for the maximum output power
we will have the expression

Poux & 01Nr(1)% = 0.2 mW.

For the pulse duration we have the estimate 7 = Aj 1, which for the typical spread
of oscillation frequency in the amray (of order 1%) and for the averaged frequency
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F

0 # to tg ¢

Figure 3. The power of radiation of the Josephson junction array as a function of time. At the
time f = 0 all junctions are synchronized by the first long pulse. After this time phase scattering
takes place and the power of the radiation decreases. At the time ¢ = ¢, the second pulse affects
the system and, because of this, at times 1 = T 4 0x1/8A, 12 = 2T + ¢x1/04 (and 50 on)
echo pulses arise.

(/27w ~ 100 GHz) is about 7 = 1 ns. Such pulses are quite easy to observe unless
thermal fluctuations destroy the phase coherency. So now we should estimate the role of
thermal noise.

4. The influence of thermal noise

To consider the influence of thermal fiuctuations on the echo effect let us suppose that our
system is affected by an external fluctuation current Iy with a2 zero mean value {I;j = 0
and a correlation function
Iyt + T = %ﬂa(r).
ode

Here we use the dimensionless variables I = Ir/I;, k is the Boltzmann constant, T is the
teruperature, I is the critical current, » = (r7')~! is the averaged normal resistance, and t
is the dimensionless time normalized, as in section 1, to @ = 2mwrI, /Py, where Pg is the
flux quantum. The equation for a stochastic Josephson phase of an individual junction with
averaged parameters has the form

Bop+o+sing=1I+1I (34)
whence, using the standard method (see, for example, [14]), we will have an estimate for

the mean square value of the phase fluctuation characterizing a phase scattering rate. We
give it in dimension variables:

- .k 2
o lon  g_g MRo 4T, %)

I, riz ' o

The echo effect can be observed only if the time interval between the first and the echo

pulses does not exceed the phase scattering time f#;, when |¢ — @| &~ 2x, so the limiting
time of the echo effect #;, is defined by the following expression:

¢,2

B

krT’

Him ™~



The echo effect in a Josephson junction array 9843

Using the typical values of parameters of a low-temperature Josephson junction: r ~ 0.1-
18, T ~4K, we can estimate for 7;,,

Thim = 220 ns

which is a rather limiting condition for observing an echo effect in Josephson arrays
experimentally. Because both the intensity of the thermal noise and the normal conductivity
of the Josephson junction depend on temperature, there is an optimal temperature at which
the echo effect can be observed at the longest. To find the optimal temperature one has
to find the global minimum of the function r(T)7T (r(7T) is the dependence of the junction
normal conductivity on the temperature 7). It is seen that the optimal temperature must
not be zero. Therefore, by varying the temperature one can widen the time interval within
which the echo effect exists.

5. Summary and discussion

In this paper we have shown that an echo effect can be found in systems consisting of
self-excited oscillators. It is shown in section 2 that if the action of an external signal
on oscillator phases depends on these phases, a pair of such pulses can lead to0 an echo
response of the oscillator system. An example of such a signal is a synchronization signal
for a self-excited oscillator system. In the general case the echo response has a complex
form and may consist of a number of pulses. The dependence of a pulse amplitude on the
number of pulses can be nonmonotonic, but the amphtude tends to zero when this number
" tends to infinity.

The role of mutual interaction betweeh self-excited oscillators is very important.
For example, mutual phase locking causes the echo effect to disappear because neither
divergence nor convergence of oscillator phases can exist in this system.

The Josephson junction array is considered as a system capable of exhibiting an echo
effect without noise. We show that an echo effect really does occur in this system under
certain conditions, and that it shows up as an infinite series of puises. In fact, the pulse
amplitude tends to zero when the number of pulses tends to infinity, and only a finite number
may be observable. The amplitude of the puises is a nonmonotonic function of number,
so the amplitude of an earlier echo pulse is not always larger than that of the next one:
some pulses (including the first one) can even have zero amplitude. The amplitude and
shape of the echo signals are obtained. The amplitudes of the echo signals depend on the
amplitude and duration of the second external signal; the shapes of the echo signals depend
on the frequency distribution function of a Josephson junction at a fixed bias current. This
result is obtained for a large range of conditions but will be qualitatively the same even
when the conditions (except for the weak-interconnection condition) mentioned above are
not satisfied.

The influence of a thermal delta-correlated classical noise is estimated and the time at
which the echo effect observation is possible is found. We show that all the necessary
conditions can be satisfied.

It is important to noté that for a self-excited oscillator system the thermal noise is
the only thing that can limit a maximum time distance between external signals in the
experimental observation of an echo effect. For a conservative oscillator system there is
another time limit: the energy dissipation time in the system.
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